Introduction

Context
The end machining of complex parts is widely used in the field of molds and dies for which the machining time is long and therefore expensive. From a geometrical point of view, the precise control of the machine is essential to ensure that the path followed by the tool corresponds to the awaited geometry of the workpiece, this aspect has been widely studied [see Lasemi et al. (2010) for a review of free-form surface CNC machining state of art].
The choice of machining strategy then sets the succession of tool paths, their characteristics and their relative positioning to meet the specifications in terms of shape and surface roughness imposed by the design office- Cheţan et al. (2014) . Accurate knowledge of the geometrical characteristics of the traces due to the tool displacement on the surface is essential. For this, many studies on tool path planning have focused on the calculation of the spacing between the successive toolpaths in order to ensure that local scallop height on the machined surface remains lower than the maximum allowed value- Cheţn et al. (2014) and Senatore et al. (2012) .
For a given tool geometry, often imposed by the shape and the accessibility of the workpiece, two levers exist to limit the overall machining time: adapt the path so as to limit the path length of the tool and speed up the movement of the tool.
Studies on the first lever, that is to limit the length of the tool path, are numerous, the trajectories are calculated so that the scallop height between two consecutive paths is higher as possible without exceeding the imposed maximum height- Djebali et al. (2015) , Perles et al. (2015) and Redonnet et al. (2016) . The problem is generally to space the more the paths to minimize tool-path length and thereby the machining time.
However, the effects of the second lever, that is to speed up tool movement by increasing the feed rate, are rarely studied since a hypothesis commonly accepted is to assimilate the trace left by the tool to a smooth groove, neglecting the traces generated by the passages of successive cutter teeth, as in Second, a method for taking into account the actual geometry of the cutter, with possible runouts between mill teeth is detailed.
In the next part theoretical results provided by these analytical models are then compared to experimental results coming from measurements performed on a test piece in order to validate the proposed model.
The fourth part is devoted to the analysis of the results and how they may be exploited to improve real machining process. Then, takes place a discussion where pros and cons of our method are commented as well as few key points concerning assumptions made to reach the result.
As a conclusion, a summary of the advances provided by this work is proposed before some perspectives are presented.
Analytical model of scallop height
Context and analytic expression
A key parameter in the generation of machined scallops is the effective radius of the tool denoted R e f f , which can be defined as the projection in a plane normal to feed direction, of the trace left by the tool into the material. The effective cutter radius and sweep curve notions are largely used in works addressing constant scallop height machining planning. Initially introduced in Suresh and Yang (1994) and Lin and Koren (1996) using a ball-end cutter, they have been adapted in Lee (1998) and Can and Ünüvar (2010) for a flat-end mill, and in Chen and Song (2006) and Pi et al. (1998) for the torus milling cutter, tools for which the effective radius assumes its full significance.
Indeed, the effective radius of the tool is characteristic of scallop height s h . Denoting d the distance defining the next parallel plane position, the step over distance s od can be readily determined as it is directly related to d by the angle characterizing the local inclination of the surface in a plane normal to the machining direction (see Figs. 1, 2) .
Demonstrating that the step over distance is directly related to the cutter effective radius is thus equivalent to demonstrating that distance d depends directly on that effective radius. This has been proven in Redonnet et al. (2013) , which also give the analytical relation between d, R e f f and s h . In this previous study a first approach to calculate analytically the effective radius of a torus milling cutter moving in pure translation was presented. This approach was based on the two following lemmas:
Lemma 1 Let P be the mathematical operation for projection along the feed direction F in a plane normal to F. Let T p (v) , be the curve resulting from the projection along P of the cutter envelope. Let E(t) be the ellipse resulting from the projection along P of the cutter centre-torus circle, and Redonnet et al. (2013) . This correct assumption in the case of machining by grinding tool like (Denkena et al. 2010 (Denkena et al. , 2013 , seems also to be correct in the case of milling at low feed rate. The notion of "low feed rate" remains largely subjective and in most cases it should be possible to use higher feed rate than it is for finishing operation due to the low depth of cut and thus low cutting forces- Tai and Fuh (1994) . It can be noted that (Kim and Chu 1999) propose a method to take into account the effect of the feed rate but it is however difficult to apply in the case of machining a complex surface with torus-end mill. The aim of the present paper is to set an easy to use analytic model to calculate feed rate effect on total scallop height.
In the context of freeform surfaces machining, the choice of the shape of the tool is of prime importance for the machining of free-form surfaces. Indeed, the trace left by the tool in the material not only depends on the movement of the tool, but also on the shape of the tool itself. The tool still often chosen for this type of machining is the ball-end one because the flat-end tool leaves sharp and unsightly marks on the surface- Kim and Chu (1994) ; Cho et al. (1993) . However, more and more studies [like Bedi et al. (1997 )orRedonnet et al. (2000 among others] point that the toroidal tool, when correctly used, generates a lower scallop height than the ballend tool (all other parameters being equal). Moreover, this type of tool is increasingly used in CNC machining studies [see Duan et al. (2015) , Du et al. (2012)orHe and Chen (2016) among others]. The toroidal tool thus appears as the best choice for machining free-form surfaces, so it is the one that will be chosen for the present study. Besides, ball-end mill and flat-end mill are only particular cases of toric-end mill (considering respectively tip radius equal to mill radius and tip radius equal to zero). The proposed following model can thus be applied to these particular cases.
Articles contribution
The present study concerns the definition of an analytical model of the scallop height including the effect of the feed rate. The main objective of this work is to set up an easy to use analytical expression that can be quickly calculated.
The article is organized as follows: first, the analytical study developed in Redonnet et al. (2013) is extended to take into account the effects of feed rate. This previous work provides an analytical model for calculating the effective radius which allows the determination of the scallop height in case of low feed rate. However this model does not provide the analytical calculation of the peak height resulting from successive marks left by tool teeth, which may be significant for high feed rates as stated in the conclusion of the present paper. Once demonstrated these lemmas, the effective radius of the toroidal cutter can be calculated considering the projection of the torus center circle in a plane normal to the machining direction and the r -offset of the resulting ellipse. The validity of this approach is fully demonstrated in Redonnet et al. (2013) . It is also stated that this demonstration is only valid for pure translation movement of the cutter. This implies that hereafter presented study is valid for any 3-axis machining strategy.
For torus-end mill, the tool-center surface is defined by:
where:
-S(u, v) is the surface to be machined -n(u, v) is the vector normal to S(u, v) at the (u, v) point -R is the outer toric end mill radius -r is the torus radius and n p (u, v) is calculated using the vector Z representing the Z-axis of the machine by:
Please note that, for simplicity reasons, all the following figures are drawn presenting the machining of a plane surface. However the present study provides the complete formulas allowing to evaluate the effective scallop height taking into account feed rate effect and local curvatures of the surface. The only hypothesis made on the free form surface is that local curvatures are considered constant. Thus the depicted content is valid for any free form surfaces.
Let the machining direction being called F p that is considered in the (X, Y ) plane of machine axes, i.e. the direction of F p corresponds to the projection of the feed rate vector F, in the plane (X, Y )-see Fig. 1 .
As demonstrated in Redonnet et al. (2013) the analytical expression of the effective radius of a torus-end mill moving in translation is: Additionally, the feed rate value is denoted F (Fig. 2) . In other words F = F .
According to Redonnet et al. (2013) , this formula is only valid at the cutter-contact point, but allows to estimate quite precisely the scallop height. Using this formula, the calculation of step over distance s od at a point can be done instantly compared to the numerical methods previously used that required an important computation time, as it has been detailed in Redonnet et al. (2013) . However, the effect of feed rate and the wave height that will appear due to distance between mill teeth passages at high feed rate may not be taken into account by using the only previous formula to determine the step over distance, and thus, effective maximum scallop height may be underestimated. Indeed, the more feed rate increase and the more wave height due to the mill teeth distance increase (Fig. 2 ).
The work of Redonnet et al. (2013) has established the analytical expression of the effective radius of the imprint left by a torus-end mill machining with a feed rate vector F. The effective radius is the radius of curvature of the trace measured in a plane perpendicular to the tool displacement. To take into account the fact that the tool is composed of teeth whose successive passages leave traces which one wishes to calculate the height, it is necessary to evaluate the effective radius of the secondary track that is named transverse effective radius and denoted T R e f f (see Fig. 3 ). The procedure for determining the expression of T R e f f is globally the same than the one used to obtain the expression of R e f f in Redonnet et al. (2013) . Therefore complete calculations are not detailed in the present paper but main steps of the mathematical demonstration are stated hereafter. Initially, the equation of the ellipse given by the projection of the cutter torus center into a plane normal to the cutting speed vector is considered. In its own reference frame the equation of this ellipse is:
Then ρ E , the radius of curvature of this ellipse at the cutter contact point corresponding to a cutting speed vector perpendicular to feed direction, is calculated:
where ψ is the angle between the vector F and its projection on the plane (X, Y ) Using Lemma 1 previously stated, this expression can be reduced to:
Thus, using Lemma 2, it is easy to achieve the expression of the secondary effective radius done by the circular tip of the torus-end cutter:
In other words the expression of the transverse effective ponents are F and V c (see Fig. 3 below) is given by:
Analysis of the expression of transverse effective radius
In relation (3), angle α, characterizing the machining direction projected in the plane (X, Y ), is only taken into consideration through expressions of cos 2 (α) and sin 2 (α). It can thus be asserted that all other parameters being equal, the value of the transverse effective radius is the same for values α and α + π . This is equivalent to say that for a given point, the values of the transverse effective radius are the same whether up milling or down milling in a diametrically opposite direction. This result is unsurprising in so far as the study of the transverse effective radius is based on a projection in a plane normal to the machining direction. Moreover, analysis of relation (8) shows that for α = 0, T R e f f = r , which constitutes the minimum value of the effective radius for a torus milling cutter. For slope angle of S = ± π 2 and a machining direction angle of α = ± π 2 , meaning that a wall is machined in rolling, the T R e f f value is equal to R.
Using the values of R e f f and T R e f f , it is possible to assess the scallop height s h for a given machining strategy. This height will depend on the value of the step over distance s od and the feed per tooth f z .
To date, the scallop height is calculated taking into account only the effective radius in the configuration presented on Fig. 5 , it is treated as the distance h 1 and is calculated in a plane perpendicular to the feed rate direction along the normal to the nominal profile.
Let be the local radius of curvature of the surface in this plane, h 1 may be calculated using the Al-Kashi formula in the triangle CHO (see Fig. 4 where O is the center of curvature): radius (TR ef f ) characterizing the geometry of the imprint left by the cutting tool animated by a movement whose com- 
Solving this 2nd order equation gives:
The right value is obviously h 1 which is the smaller one. The second one, h 1 , corresponds to the second intersection point between the two R e f f radius circles. Thus, the h 1 value is given by:
When the surface can be considered as locally plane, the Eq. (12) can be approximated as (13) here after (see Fig. 5 ):
This approximation is discussed in "Discussion" section and the relation between these two expressions of h 1 is detailed in "Appendix". To take into account the effect of the feedrate on the scallop height, configuration of calculation is shown on Fig. 6 , and the total scallop height s h is determined by adding up the scallop height h 1 due to the step over distance to the secondary scallop height h 2 due to feed rate. The same manner as h 1 , h 2 secondary scallop height is determined according to the normal to the nominal profile. The same approximation done in h 1 calculation leads to:
Using the presented formulas (Eqs. 13-15), it is now possible to evaluate the scallop height by adding h 1 , that can be piloted by the step over distance, and h 2 , that can be piloted by adjusting the feed rate.
Taking runouts into consideration
Let us denote ar o the axial runout value and rr o the radial runout value (see Fig. 7 ), assuming that these values are small compared to those of feed per tooth. Since h 1 and h 2 are defined in planes respectively orthogonal and along to feed direction, the effects of the runout are very different upon h 1 and h 2 . Considering the cutter motion, the scallop height h 1 may be affected by rr o only. Indeed, the axial runout will solely offset the resulting machined surface by ar o . Otherwise, the radial runout effect on h 1 may be quantified by considering a cutter radius of (R + rr o ) instead of R in formula 3.
Concerning the scallop height h 2 , the effect of the runout is more complex to analyse since in this case, the runout affects directly the feed per tooth value f z . The studied configuration is presented in Fig. 7 . In this configuration, the slope θ of the surface along the machining direction is defined as follows:
and the effective feedrate/tooth due to runout is given by:
Actually, this configuration corresponds to the machining case where the cutter contact point is situated on to the front of the cutter, which only happens during machining along the steepest slope. When the cutter contact point is not located on to the front of the cutter the radial runout should be projected on to the feed plane (n, F) because the scallop height is measured in this plane. Thus, the effective influence of the radial runout is always lesser than the nominal radial runout influence.
Then, taking runout into consideration, an upper bound for the machined scallop height along the feed direction becomes: Moreover, the runout effects are highly dependant on the machining configuration. Indeed, in the case of a surface locally horizontal (S = 0), the axial runout have a predominant influence on the scallop height between the passage of two successive teeth, so r o = ar o . For machining a surface locally vertical (S = π 2 ), the radial runout will have a predominant influence on the peak height between the passage of two successive teeth.
The previous equations are valid in configurations where the runout is small enough so that all the teeth can leave a trace on the workpiece during machining. Otherwise, a cutter having a number of teeth less than the actual number should be taken into consideration to perform the calculation.
The use of the above formulas makes it possible to estimate the total scallop height taking into account the combined effects of the feed rate and of the possible defects in the positioning of cutting tips.
Model validation
An additional experimental study was conducted to validate the theoretical model detailed before. The test part is made from a 2024 aluminum alloy block. The upper surface of the block is planned before tilting the part by an angle S = 40 • (Fig. 8) .
To conduct this experimental study, a plane has been chosen to be machined. This choice makes it possible to keep constant the value of the influential parameters (α, S and θ) all over the whole trajectory.
In this configuration, the cutter paths are made along values of 0 • , 30 • and 90 • of the angle α, called the machining direction. For each direction, 3 paths are performed for each of the feed rate f z = 0.05, 0.15 and 0.3 mm/tooth (9 paths for each direction). The machine used is a DMU85 monoBLOCK equipped with a Siemens 840D CNC controller. The tool is a solid carbide torus milling cutter with 4 teeth Sandvik R216.24-10050EAK22P 1620 with radii R = 5 mm and r = 2 mm. Considering the aluminum alloy and the cutter used the cutting speed is set to 314 m/min which is within the range of commonly used values in this case. Then the spindle rotation is constant and set to 10,000 rpm. Feed rates corresponding to feed per tooth values chosen are stated in Table 1 .
Note that the cutting conditions used in the different test cases do all of them comply with tool manufacturer recommendations.
The step over distances used for these tests are summarized in Table 2 . They are determined such that the height h 1 of scallop height, due to the only step over distance, is equal to 0.01 mm, following the methodology described in Senatore et al. (2012) . The 0.01 mm value corresponds to a current value adopted for the finishing of molds and dies before final polishing operation.
The runouts are measured using gauge measurement station Zoller Genius 3. The tooth protruding less is taken as reference and is denoted "tooth 1", and then they are numbered in the order of their entry into the material (1-4) . The values of the runouts are measured along the normal to the contact point and quantified with reference to the tooth 1 (see Table 3 ).
Surface measurements are done with an optical 3D measurement system Alicona Infinite SL. The analysis software is used to extract different quantities from the measurement of the initial surface. An example of this analysis results is presented on Fig. 9 . The upper part of this figure shows the topology of the surface obtained measured transversely to the feedrate direction, and the lower part of the same figure presents a measurement along feedrate direction. On both screenshots, the bold yellow line clearly shows the measured profile. Moreover, the significant height values have been zoomed to improve readability, and the scallop height calculation method (which take into account the surface inclination) has been highlighted in red. 1 Measurements are compared to the predictive model results presented in the previous sections. It is remind that the expected theoretical scallop height h 1 , calculated from current methods detailed in Senatore et al. (2012) and Redonnet et al. (2013) , is constant and equal to 0.01 mm (i.e. 10 µm ). It is this criterion that was used to calculate the theoretical step over distance that would give a 0.01 mm scallop height without considering the effect of the feed rate. These values were chosen according to the existing strategies to date that do not allow quantifying the effect of feed rate on the peak height.
Tables 4, 5 and 6 show the results obtained for different orientations of the feed direction. In these tables h 1 and h 2 refer to the quantities presented in "Analysis of the expression of transverse effective radius" section and illustrated on Fig. 6 . These tables show that the experimental results for the h 1 scallop height are very close to the theoretical calculated ones. Indeed measured values are always between 9.5 and 9.7 µm while the expected value is 10 µm. These figures correspond to a differences included in a 3-5% interval. On the h 2 scallop height side, the experimental results are also very close to the theoretical calculated ones. Figure 10 shows both experimental values of h 2 and theoretical values computed using Eqs. (14) and (8).
These results validate the theoretical model we are proposing to calculate the secondary scallop height h 2 . Table 6 Results for α = 90
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Comparison between h 2 theoretical calculation and experimental results
Analysis and discussion
Analysis and exploitation of the results
The respective shares of h 1 and h 2 in the total scallop height s h are shown in Figs. 11 (absolute) and 12 (in percentage). These figures show how h 2 may be quite significant in some cases. For each of the cases studied, Table 7 compares the error committed between the theoretical model and the experimental results, taking account of h 1 and h 2 on the one hand and only taking account of h 1 on the other hand.
This table shows that taking account of h 1 and h 2 , the error committed on the calculation of the scallop height is always less than 6%, whereas by considering only h 1 the error committed may exceed 38%.
The presented results also allow to calculate the percentage of total scallop height (s h ) underestimation when taking into account only h 1 value. For example, in the worst case (i.e. α = 0 • ), if the user choose a 5% threshold value of the scallop height underestimation, then the machining feedrate should not exceed 0.08 mm.
The values of tool runout remain small compared to process variables, particularly for the feed rates of 0.15 and 0.3 mm/tooth. The analysis of Fig. 9 shows that the teeth marks left in the adjacent grooves are not necessarily fitting. The lowest points are thus not necessarily in vis-a-vis in the neighboring scallop, it is necessary to locate the teeth traces of passages for positioning the measuring line and determine the heights h 1 and h 2 .
These results may be exploited directly by including the evaluation of h 2 into tool path planning algorithms. Most of the time, this should be easy to do because of the simplicity of the analytical model proposed. However, users must be aware of the limitations of the model that are discussed in the next section.
Discussion
In this paper, a model taking into account the feed rate for calculation of the scallop height of end-milled free-form surfaces is proposed. The limits of this model are discussed here after:
-tool motion must be a pure translation. This implies the whole results are fully valid for 3-axis machining strategies. It also can be used for 5-axis machining strategies when rotation axes are not used between two points (3+2 axes). However full 5-axis machining strategies are still out of the application field of the present work. -the model is not valid when the local slope of the surface is zero (S = 0 in Eq. 8). Actually in this case the calculated effective radius approaches infinity. This case corresponds to the special machining configuration: endmilling of an horizontal plane. Indeed this machining configuration is well-known and does not require any further study.
Apart considering these limits some other considerations may be discussed:
Firstly, the scallop height calculation relies on the assumption that the surface is locally considered planar. "Appendix" shows that the scallop height calculated without taking into account the local curvature is equivalent to the scallop height calculated taking the local curvature into account, when the local radius of curvature tends towards infinity. Thus the assumption made to calculate the scallop height is valid as long as the local radius of curvature of the surface is much larger than the other dimensions. Furthermore experimental Application of this work to full 5-axis machining needs a large number of modifications because many assumptions have to be reconsidered. Furthermore, when using 5-axis machining, the effective feedrate is often far less from programmed one. Thus it can be supposed that the h 2 influence on the final surface roughness if less important.
Reader can note that the obtained results do not depend on teeth number nor spindle speed. Actually the presented model is based on feed per tooth and cutting speed only. However cutting conditions have to comply with tool manufacturer recommendations to insure a smooth running of the cutting process. This point guarantees that the surface left by the tool is not affected by pull-outs phenomenon that is not taken into account by the presented model.
Moreover, the proposed model relies exclusively on analytical calculations. Thus its implementation allows very fast computation. Therefore the fast and accurate computation of local surface roughness may be considered as a major interest for the present paper.
The effect of feedrate on total scallop height is the most important when machining at high feedrate along the steepest slope direction. As it can be observed in Table 4 and Fig. 12 , the scallop height h 2 can reach up to 30% of the total scallop height. Indeed, this point is important since, when using torical mill, the optimal machining direction is precisely the steepest slope direction. As stated in Lasemi et al. (2010) and Redonnet et al. (2016) the maximal removal rate is actually reached when machining along this direction.
Conclusion
This study demonstrates that the influence of the feed rate of a torus milling cutter on the surface roughness cannot always be neglected. Actually, the secondary scallop height induced by successive passes of the cutting teeth can easily reach 30% of the total scallop height. Furthermore this configuration occurs when machining along the direction of steepest slope (α = 0 • ), which is the optimal machining direction (in terms of material removal rate) when using a torus-end mill.
It can be noticed that these results have been obtained using feed rates compatible with the requirements of the tool manufacturer.
This study presents an analytical model that can easily and quickly be used to calculate the total scallop height, taking into account the effect of the feed rate. This model is validated in different machining configuration allowing highlighting that the prediction provided by the analytical model does not deviate by more than 5% of the measured value.
The use of the analytical model, by its simplicity, may allow to further improving the tool path by adjusting the mill feed rate depending on its location on the workpiece. This will satisfy two important criteria. On the one hand this will further decrease machining time while respecting maximum scallop height criteria. On the other hand it will homogenize the workpiece surface roughness by ensuring that at any point of the surface of the total scallop peak height is equal to the maximum allowable value. This provides the significant advantage of facilitating the finish polishing operation since the amount of material to be removed will be more homogeneous.
As a short term perspective the authors plan to apply this new method for calculation of the effective scallop height to recent toolpath planning algorithms such as zone machining algorithms described in Perles et al. (2015) and Djebali et al. (2015) . Indeed, in the context of toolpath planning process the present work may be very useful to define the most efficient feedrate.
As a longer term perspective, the authors may consider the extension of the present work to 5-axis machining of free form surface.
Appendix: Scallop height approximation
Considering the curvature of the surface locally constant, the scallop height calculation is based on the equation: 
